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$� ���FP� 6LQFH�WKH�KH[DJRQ�LV�UHJXODU��LW�KDV�LQWHULRU�DQJOHV�RI
�DQG�FDQ�EH�GLVVHFWHG�LQWR�VL[�FRQJUXHQW�WULDQJOHV�

7KH�VPDOO�WULDQJOHV�KDYH�WKUHH�DQJOHV�RI� �DQG�DUH
WKHUHIRUH�HTXLODWHUDO�ZLWK�VLGH�HTXDO�WR�WKDW�RI�WKH
KH[DJRQ��7KH�WKUHH�WULDQJOHV�LQVLGH�WKH�ODUJH�WULDQJOH
EXW�RXWVLGH�WKH�KH[DJRQ�DUH�DOVR�HTXLODWHUDO�ZLWK�WKH
VDPH�VLGH�OHQJWK�DV�WKH�KH[DJRQ��6R�WKH�DUHD�RI�WKH
KH[DJRQ�LV �RI�WKH�DUHD�RI�WKH�RULJLQDO�WULDQJOH�
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$� �� ,W�LV�FOHDU�WKDW�HDFK�RI� � �DQG� �PXVW�EH�OHVV�WKDQ�RU�HTXDO�WR������$�EULHI�LQVSHFWLRQ
ZLOO�VKRZ�WKDW�WKH�RQO\�FRPELQDWLRQ�RI�GLIIHUHQW�VTXDUH�QXPEHUV�ZKLFK�WRWDO�����LV
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a b c

�� + �� + �
0RUH�IRUPDOO\��WKH�SUREOHP�FDQ�EH�DQDO\VHG�E\�FRQVLGHULQJ�WKH�UHPDLQGHUV�DIWHU
GLYLGLQJ�WKH�VTXDUH�QXPEHUV�OHVV�WKDQ��������������������������������������DQG������E\
WKUHH��WKH�UHPDLQGHUV�DUH���������������������������DQG���
:KHQ�����LV�GLYLGHG�E\����WKH�UHPDLQGHU�LV����7KHUHIRUH� �PXVW�DOVR�OHDYH
D�UHPDLQGHU�RI����1RZ�ZH�FDQ�GHGXFH�WKDW�WZR�RI�WKH�WKUHH�VTXDUHV�PXVW�OHDYH�D
UHPDLQGHU�RI���DQG�VR�EH�PXOWLSOHV�RI����7KHUH�DUH�WKUHH�VTXDUH�QXPEHUV�EHORZ����
ZKLFK�DUH�PXOWLSOHV�RI�WKUHH��������DQG������&KHFNLQJ�WKHVH��ZH�VHH�WKDW����DQG����DUH
WKH�RQO\�SDLU�WR�KDYH�D�VXP�ZKLFK�GLIIHUV�IURP�����E\�D�SHUIHFW�VTXDUH��QDPHO\�����6R
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a� + b� + c�

a + b + c = � + � + � = ��

$� � 7KH�VXP�RI�WKH�ILUVW�WZR�QXPEHUV�DQG�WKH�ODVW�WZR�QXPEHUV�LV� �
7KLV�FRXQWV�WKH�PLGGOH�QXPEHU�WZLFH��%XW�WKH�VXP�RI�DOO�WKUHH�QXPEHUV�LV�������VR�WKH
PLGGOH�QXPEHU�LV����+HQFH�WKH�SURGXFW�RI�DOO�WKUHH�QXPEHUV�LV���

���� + ���� = ����

>Alternatively��/HW�WKH�WKUHH�QXPEHUV�EH� � �DQG� �a b c

a + b = ����,:H�KDYH

b + c = ����

a + b + c = ����.DQG

$GGLQJ�WKH�ILUVW�WZR�HTXDWLRQV�JLYHV

a + �b + c = ����

DQG�VXEWUDFWLQJ�WKH�WKLUG�HTXDWLRQ�IURP�WKLV�JLYHV

b = �.
7KXV�WKH�SURGXFW� �@abc = �



$� ���� 7KH�YROXPH�RI�SHWURO�WKDW�$QGUHD�SXW�LQ��DV�D�IUDFWLRQ�RI�WKH�YROXPH�RI�WKH�WDQN��LV�WKH
GLIIHUHQFH�EHWZHHQ� �DQG� ��ZKLFK�LV� ��6R�VKH�SXW�LQ� �RI����OLWUHV�DQG�
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$� ���FP 6LQFH�WKH�RULJLQDO�WULDQJOH�LV�LVRVFHOHV�DQG�ULJKW�DQJOHG��IROGLQJ�LW�SURGXFHV�D�VPDOOHU
WULDQJOH��DOVR�LVRVFHOHV�DQG�ULJKW�DQJOHG��%\�3\WKDJRUDV
�7KHRUHP��WKH�K\SRWHQXVH�RI
WKH�RULJLQDO�WULDQJOH�LV� �FP��+HQFH�WKH�GLIIHUHQFH�EHWZHHQ�WKH
SHULPHWHUV�RI�WKH�WZR�WULDQJOHV�LV� �FP�

��� = �� �
(�� + �� + �� �) − (� � + � � + ��) = ��

Alternatively��/HW�WKH�OHQJWK�RI�WKH�VKRUWHU�VLGHV�RI�WKH�QHZ�WULDQJOH�EH� ��VKRZQ
EHORZ���7KHQ�WKH�SHULPHWHU�RI�WKH�RULJLQDO�WULDQJOH�LV� �DQG�WKH�SHULPHWHU
RI�WKH�QHZ�WULDQJOH�LV� ��+HQFH�WKH�GLIIHUHQFH�EHWZHHQ�WKH�SHULPHWHUV�RI
WKH�WZR�WULDQJOHV�LV����FP�
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$� �� $V�D�IUDFWLRQ�RI����PLQXWHV�����VHFRQGV�LV� ���6R�ZH�DUH�FRQVLGHULQJ�IUDFWLRQV�ZLWK�D
GHQRPLQDWRU�RI�����7R�REWDLQ�D�IUDFWLRQ�RI�WKH�UHTXLUHG�IRUP��WKH�QXPHUDWRU�PXVW�EH�
D�IDFWRU�RI�����DQG�OHVV�WKDQ������7KH�QXPHUDWRU�FDQ�WKHUHIRUH�EH��������������������������
�������RU����
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$� ��π FP 7KH�OHQJWK�RI�D�VHPLFLUFXODU�DUF�RI�UDGLXV� �LV� �DQG�VR�WKH�WRWDO�SHULPHWHU�LV
�
r πr

(� × (� + � + �) + �) π = ��π FP

$� ��� $IWHU�HYHU\�WZR�QXPEHUV��RQH�LV�RPLWWHG��%HFDXVH� ��WKHUH�PXVW�EH
���SDJH�QXPEHUV�PLVVLQJ�DQG�VR�WKH�QXPEHU�RQ�WKH�ODVW�SDJH�LV� �

�� = � × �� + �
�� + �� = ���
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���� FP�

9LHZV�IURP�WKH�IURQW�DQG�EDFN��WKH�WRS�DQG�ERWWRP��DQG�WKH�WZR�VLGHV�DUH�DV�VKRZQ
EHORZ�

��ORWV�RI����IDFHV ��ORWV�RI���IDFHV ������������ORWV�RI���IDFHV�
�RQH�KLGGHQ�IURP�HDFK�VLGH�

(DFK�VTXDUH�IDFH�KDV�D�VXUIDFH�DUHD�RI� ��+HQFH�WKH�WRWDO�VXUIDFH�DUHD�RI�*LOO¶V
VKDSH�LV� �

��� FP�

(�� + �� + ��) × ��� FP� = ���� FP�



%� ,Q������$OSKRQVH�JUHZ�WZLFH�WKH�QXPEHU�RI�JUDSHV�WKDW�3LHUUH�GLG��,Q������3LHUUH�JUHZ�WZLFH
WKH�QXPEHU�RI�JUDSHV�WKDW�$OSKRQVH�GLG��2YHU�WKH�WZR�\HDUV�$OSKRQVH�JUHZ��������JUDSHV�
ZKLFK�ZDV������OHVV�WKDQ�3LHUUH���+RZ�PDQ\�JUDSHV�GLG�$OSKRQVH�JURZ�LQ�����"
Solution
6XSSRVH�3LHUUH�JUHZ� �JUDSHV�LQ�������7KHQ��LQ�������$OSKRQVH�JUHZ� �JUDSHV�
7KXV��LQ�������$OSKRQVH�JUHZ� �DQG�VR�3LHUUH�JUHZ� �
2YHU�WKH�WZR�\HDUV��WKH�QXPEHU�RI�JUDSHV�3LHUUH�JUHZ�ZDV

p �p
�� ��� − �p �� ��� − �p

p + (�� ��� − �p) = �� ��� + ����

�� ��� = �pVR

p = �� ���.DQG
+HQFH��LQ�������$OSKRQVH�JUHZ� �JUDSHV�� × �� ��� = �� ���

%� �LV�D�VTXDUH��7KH�SRLQW� �LV�RXWVLGH�WKH�VTXDUH�VR�WKDW� �LV�DQ�HTXLODWHUDO�WULDQJOH��
)LQG�DQJOH� �
ABCD E CDE

BED
Solution
6LQFH �LV�D�VTXDUH�� ��DQG�VLQFH

�LV�DQ�HTXLODWHUDO�WULDQJOH�� �
ABCD ∠BCD = ��°

CDE ∠DCE = ��°
7KXV �∠BCE = ∠BCD+ ∠DCE = ��° + ��° = ���°

%HFDXVH �LV�DQ�HTXLODWHUDO�WULDQJOH�� �DQG
DOVR��EHFDXVH� �LV�D�VTXDUH�� ���+HQFH

�DQG� �LV�DQ�LVRVFHOHV�WULDQJOH�

CDE EC = DC
ABCD DC = CB

EC = CB ECB

6R ��DQG�KHQFH
�

∠CEB = ∠CBE = �
� (��� − ���)° = ��°

∠BED = ∠CED− ∠CEB = ��° − ��° = ��° B
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%� 7RP�OHIW�D�PRWRUZD\�VHUYLFH�VWDWLRQ�DQG�WUDYHOOHG�WRZDUGV�*ODVJRZ�DW�D�VWHDG\�VSHHG�RI
���PSK��7LP�OHIW�WKH�VDPH�VHUYLFH�VWDWLRQ����PLQXWHV�DIWHU�7RP�DQG�WUDYHOOHG�LQ�WKH�VDPH
GLUHFWLRQ�DW�D�VWHDG\�VSHHG��RYHUWDNLQJ�7RP�DIWHU�D�IXUWKHU���KRXU����PLQXWHV��$W�ZKDW�VSHHG
GLG�7LP�WUDYHO"
Solution
7RP�WUDYHOV�IRU����PLQXWHV�ORQJHU�WKDQ�7LP��D�WLPH�RI���KRXU�DQG����PLQXWHV��
7UDYHOOLQJ�DW�D�VSHHG�RI����PSK��RU���PLOH�SHU�PLQXWH���7RP�WUDYHOV�D�GLVWDQFH�RI�����PLOHV�
7LP�WUDYHOOHG�WKH�VDPH�GLVWDQFH�LQ���KRXU�DQG����PLQXWHV�� �KRXUV��
VR�KLV�VSHHG��LQ�PSK��ZDV� �PSK�

���
��� ÷ ��� = ��� × �

� = �� × � = ��



%� 7KH�GLDJUDP�VKRZV�D�SRO\JRQ� ��LQ�ZKLFK
�DQG� �

$OVR �LV�D�VTXDUH���7KH�DUHD�RI�WKH�ZKROH
SRO\JRQ�LV�H[DFWO\�WZLFH�WKH�DUHD�RI� �
)LQG�WKH�OHQJWK�RI�WKH�SHULPHWHU�RI�WKH�SRO\JRQ�

ABCDEFG
FG = � GA = AB = BC = CD = DE = EF

BDFG
BDFG

A

B

C

D

E

FG

Solution
7KH�DUHD�RI�VTXDUH� �LV� �VTXDUH�XQLWV��
6R�WKH�WRWDO�DUHD�RI�WKH�WKUHH�WULDQJOHV� � �DQG� �LV�DOVR����VTXDUH�XQLWV�

BDFG � × � = ��
ABG BCD DEF

7KHVH�WKUHH�WULDQJOHV�DUH�FRQJUXHQW�DQG�VR�HDFK�KDV�DQ�DUHD�RI����VTXDUH�XQLWV�

7KH�DUHD�RI�HDFK�WULDQJOH�LV� �DQG�WKH
EDVH�LV���XQLWV�DQG�KHQFH�ZH�KDYH �
VR�WKH�KHLJKW�LV���XQLWV�

�
� × ×EDVH KHLJKW

�
� × � × = ��KHLJKW

/HW �EH�WKH�PLGSRLQW�RI� ��7KHQ� �LV�SHUSHQGLFXODU
WR�WKH�EDVH� ��VLQFH� �LV�DQ�LVRVFHOHV�WULDQJOH��

X BD CX
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%\�3\WKDJRUDV
�7KHRUHP�� �XQLWV�BC = �� + �� = �

7KHUHIRUH�WKH�SHULPHWHU�RI� �LV� �XQLWV�ABCDEFG � × � + � = ��

%� $Q�DQW�ZLVKHV�WR�PDNH�D�FLUFXLW�RI�WKH�ERDUG�VKRZQ��YLVLWLQJ�HDFK
VTXDUH�H[DFWO\�RQFH�DQG�UHWXUQLQJ�WR�WKH�VWDUWLQJ�VTXDUH��$W�HDFK
VWHS�WKH�DQW�PRYHV�WR�DQ�DGMDFHQW�VTXDUH�DFURVV�DQ�HGJH��7ZR
FLUFXLWV�DUH�FRQVLGHUHG�WR�EH�WKH�VDPH�LI�WKH�ILUVW�IROORZV�WKH�VDPH
SDWK�DV�WKH�VHFRQG�EXW�HLWKHU�VWDUWV�DW�D�GLIIHUHQW�VTXDUH�RU�IROORZV
WKH�VDPH�SDWK�LQ�UHYHUVH���+RZ�PDQ\�VXFK�FLUFXLWV�DUH�SRVVLEOH"

Solution
)URP�)LJXUH����ZH�VHH�WKDW�WKHUH�LV�RQO\�RQH�SRVVLEOH�URXWH�WKURXJK�HDFK�RI�WKH�FRUQHU�VTXDUHV�
VKRZQ�VKDGHG��VR�WKH�DQW
V�SDWK�WKURXJK�WKHVH�VTXDUHV�LV�DV�LQGLFDWHG�
7KHUH�LV�WKHQ�RQO\�RQH�SRVVLEOH�URXWH�WKURXJK�VTXDUH�;��JLYLQJ�)LJXUH���

)LJXUH � )LJXUH �

;



1RZ�FRQVLGHU�WKH�VKDGHG�VTXDUH�LQ�)LJXUH���

)LJXUH � )LJXUH �

,I�WKH�SDWK�MRLQHG�WKLV�VTXDUH�WR�WKH�VTXDUH�EHORZ��WKHQ�D�FORVHG�ORRS�ZRXOG�EH�IRUPHG�DQG�WKH
DQW�FRXOG�QRW�FRPSOHWH�D�FLUFXLW�RI�WKH�ERDUG��+HQFH�WKH�SDWK�MRLQV�WKH�VKDGHG�VTXDUH�WR�WKH
VTXDUH�RQ�LWV�OHIW��)LJXUH����

7KHUH�DUH�QRZ�RQO\�WZR�VTXDUHV�ZKLFK�WKH�DQW
V�SDWK�KDV�QRW�YLVLWHG��,I�D�SDWK�WKURXJK�DOO�WKH
VTXDUHV�GLG�QRW�MRLQ�WKHVH�WZR��WKHQ�WZR�ORRSV�ZRXOG�EH�IRUPHG�LQVWHDG�RI�D�VLQJOH�FLUFXLW��:H
GHGXFH�WKDW�WKH�SDWK�MRLQV�WKHVH�WZR�VTXDUHV�DQG�WKHQ�WKHUH�DUH�RQO\�WZR�ZD\V�RI�FRPSOHWLQJ
WKH�SDWK��DV�VKRZQ�LQ�)LJXUH���

)LJXUH �

%� ,�ZDQW�WR�FKRRVH�D�OLVW�RI� �GLIIHUHQW�QXPEHUV�IURP�WKH�ILUVW����SRVLWLYH�LQWHJHUV�VR�WKDW�QR�WZR
RI�P\�QXPEHUV�GLIIHU�E\����:KDW�LV�WKH�ODUJHVW�YDOXH�RI� �IRU�ZKLFK�WKLV�LV�SRVVLEOH"��+RZ
PDQ\�GLIIHUHQW�OLVWV�DUH�WKHUH�ZLWK�WKLV�PDQ\�QXPEHUV"

n
n

Solution
$Q\�VXFK�OLVW�FRQWDLQV�DW�PRVW�WZR�QXPEHUV�IURP�WKH�VHW�^������������`��DW�PRVW�WZR�QXPEHUV
IURP�WKH�VHW�^������������`��DQG�OLNHZLVH�IURP�HDFK�RI�WKH�VHWV�^������������`��^������������`�DQG
^�������������`���+HQFH�WKHUH�DUH�DW�PRVW� �QXPEHUV�DOWRJHWKHU��7KH�OLVW�RI�WHQ
QXPEHUV������������������������������������VKRZV�WKDW�D�VHOHFWLRQ�LV�LQGHHG�SRVVLEOH�

� × � = ��

)URP�HDFK�RI�WKHVH�VHWV�RI�IRXU�QXPEHUV�RI�WKH�IRUP� ��WKHUH�DUH�WKUHH
SDLUV�ZKLFK�GR�QRW�GLIIHU�E\����QDPHO\� � �DQG� ��6LQFH
ZH�DUH�FKRRVLQJ�D�SDLU�IURP�HDFK�RI�ILYH�VXFK�VHWV��WKHUH�ZLOO�EH� �GLIIHUHQW�OLVWV�

{a, a + �, a + ��, a + ��}
(a, a + ��} {a, a + ��} {a + �, a + ��}

�� = ���


